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Abstract

The stability of one liquid thread immersed in a fluid in a shear field is considered by linear stability analysis. A constant
shear stress is imposed far away from the thread. The shear flow tends to deform and elongate the thread. The stability of the
thread is characterized by the growth rate of a random perturbation. The equation for the growth rate leads to an eigenvalue
problem with the wave number, the ratio of viscosities and the capillary number as parameters-Wsiiig’s criterion, we
determine the range of the ratio of viscosities for which the shear stabilizes the thread. A critical capillary number above which
the thread is always stable is found. Special attention is paid to the special case of thread and fluid having equal viscosity. Then,
the critical capillary number can be calculated analytically.
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1. Introduction

In the blending process, relatively big drops of one material are immersed into the shear flow of a second material. The
process depends on the magnitude of the capillary number Ca, which is defined as the ratio between the local stiear stress
and the interfacial stresg/a,

Ca= ﬂ, 1)
o2
whereo is the interfacial tension and is a characteristic radius of the drops in the dispersed phase. Due to dominant shear
stresses, long threads are formed. At some moment a thread may become so thin, and thus its radius so small, that the interfacie
stress becomes important. Initiated by perturbations, wavy perturbations may develop along the thread. Due to a competition
between interfacial tension and shear flow, these waves may grow in amplitude or attenuate. In an unstable state, the thread will
eventually break up into an array of small spherical droplets, whereas in a stable one, the thread will remain undeformed.

The study of the break-up of liquid threads has a distinguished history, starting with the work of Savart [1] in the early
nineteenth century. Some years later, Plateau [2] discovered that the source of the break-up is surface tension. The dynamica
description of the problem, in terms of linear stability theory, was first given by Rayleigh [3,4]. He developed the important
concept of thenode of maximum instabilityRayleigh showed that, from a random perturbation, a number of unstable waves
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may form on the jet surface; the wave that causes the jet to break up is the one with maximum growth rate. The specific growth
rate is referred to athe growth rate of the system. In the case of an incompressible, cylindrical column of viscous liquid,
assuming the viscosity to be dominating over the inertia and neglecting the effect of the surrounding fluid, Rayleigh found that
the break-up is fastest when the wave length of the perturbation is very large in comparison with the radius of the initial cylinder.
Following Rayleigh’s approach, Tomotika [5] generalized the analysis to include viscosity for both the fluid column and the
surrounding fluid. Tomotika found that if the ratio of viscosities of the two fluids is neither zero nor infinity, the maximum
instability always occurs at a definite wave length. A generalization of Tomotika’s stability analysis for several limiting cases
such as low viscosity liquid jetin a gas, gas jetin a low viscosity liquid, etc., was discussed by Meister and Scheele [6]. Kinoshita
et al. [7] derived the equation, which enables much easier prediction of the most unstable wave number and perturbation growth
rate than Tomotika’s equation. Tomotika [8] also considered the growth of perturbations for the case in which the fluids were
not at rest, i.e. when the thread is immersed in an extensional flow. For this case, Mikami et al. [9] improved Tomotika’s theory
theoretically and experimentally. A theoretical study of the break-up of a liquid thread in hyperbolic extensional flow and simple
shear flow was analyzed by Khakhar and Ottino [10]. They found that, under similar conditions, the drops produced in simple
shear flow are larger than those produced in hyperbolic extensional flow. A wide-ranging review of a large number of theoretical
and experimental investigations of the break-up process of one thread is given by Eggers [11].

The stability of a liquid thread in general flow such as hyperbolic extensional flow and simple shear flow was theoretically
studied to some extent. For instance, Frischknecht [12] considered the stability of a thread in a phase-separating binary fluid
under influence of shear flow. Frischknecht explored the competition between the shear flow and the coarsening process. Using
the coupled Cahn-Hilliard and Stokes equations, Frischknecht derived analytically the eigenvalues for long-wavelength per-
turbations, and showed that the shear flow suppresses and sometimes completely stabilizes both the hydrodynamic Rayleigt
instability and the thermodynamic instability of the thread. The results were consistent with a ‘string phase’ behaviour in
phase-separating fluids in shear as observed by Hasimoto et al. [13]. Recent experiments on shear between plates reported b
Migler [14] showed that when the size of the droplets becomes comparable to the sample dimension (e.g. gap width between
shearing plates), a droplet-string transition is discovered in concentrated polymer blends. Migler proposed that the string state
is stabilized by a suppression of the instability due to both finite size effects (for the wider string) and the shear flow (for the
narrower one). In a recent paper, assuming that strings can be simply viewed as droplets with a large aspect ratio, Pathak anc
Migler [15] found that confinement not only promoted deformation, but also allowed larger stable droplets (strings) to exist
under flow. They then concluded that strings may be stabilized by a combination of shear flow and confinement.

In Gunawan et al. [16,17], we studied the stability of liquid threads immersed in a fluid in an unconfined region and driven
by surface tension. It was shown that the instability of the threads is determined by the wave hwhiies perturbations,
the viscosity ratiqu of the two fluids and the distanéebetween the threads. In this paper, we investigate the hydrodynamics
stability of a Newtonian thread immersed in another fluid, if a constant shear #fgeisspresent far away from the thread.

The fluids are assumed to be incompressible and so viscous that the creeping flow approximation is applicable. The thread is
perturbed by a random perturbation. The perturbation and the quantities such as pressure and velocity fields are expressed as
complex Fourier series in the azimuthal coordinate and they are taken periodic in the axial coordinate with real wave number
k. At the interfaces, we correct the boundary conditions derived by Frischknecht [12]. Here, we show that the velocity in the
axial coordinate has a discontinuity due to the presence of the shear flow. The equation for the growth rate of some sinusoidal
perturbation leads to an eigenvalue problem with the wave number of the perturbation, the ratio of viscosities between two
fluids and the capillary number as parameters. Uslagwitz’s criterion we find a range for the ratio of viscosities for which

the shear stabilizes the thread. Although we make some corrections with respect to the boundary conditions as derived by
Frischknecht [12] and follow a completely different approach, we find qualitatively comparable results. Due to these corrections,
somewhat modified results for the range of the ratio of the viscosities in which no instability will occur are obtained.

The paper is organized as follows. In Section 2, we derive the mathematical model and the boundary conditions. Here, we
consider a Couette-like flow problem as the unperturbed solution. For the perturbed solution, we solve the Stokes equation
together with the equation of continuity via separation of variables. In this, the dependence on the azimuthal coordinate is
written in the form of complex Fourier expansions, and that on the axial coordinate is written as a periodic function with real
wave numbek. In Section 3, the stability is studied for two cases: in the absence and in the presence of shear. The former is
included as a check for our method since the data are available in literature. Special attention is paid to the stability of fluids
having matching viscosity. For this case, we derive an analytical formula for the critical applied stress above which the thread
is always stable. Conclusions are written in Section 4.
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Fig. 1. Thread immersed in a fluid in shear flow.

2. Mathematical formulation and solution methodology

Let us consider a single thread of radiuwith viscositys, immersed in an infinite region filled with fluid with viscosity.
We define
d
n
n= 77_‘ 2

as the ratio of viscosities of the fluids. The indiceendd stand for the continuous phase (the surrounding fluid) and the disperse
phase (the thread), respectively. We introduce cylindrical coordinates withatkis along the thread axis. As sketched in Fig. 1,
an external flow is imposed along thedirection by applying a constant shear strégsfar away from the thread. The shear
takes place in théy, z)-plane. We assume here that the thread is perfectly parallel to the streamlines of the shear flow. When
the thread makes a small angle with the streamlines, as an extra effect stretching of the thread will occur. This stretching can
affect the stability of the thread, because it decreases the radius of the thread. However, we do not consider the thread under the
influence of such an extensional flow; we only consider the thread in a shear flow.

As unperturbed state, we take the thread to be a perfect cylinder. Its stability is tested by applying a random perturbation.
The perturbed thread surface is represented by

o
R(t,¢,2) =a[l+ef(t,¢.2)] with f(r,¢,z):m[ > sm(t)e‘(’"‘?’*’“)}. 3)

m=—0oo

Here, i= 4/—1 is the imaginary unit antk the real part symbol. We express the perturbation as a complex Fourier sefies in
and take it periodic i with wave numbek. Since the solution is periodic in thedirection,k must be real. The,, are the
time-dependent perturbation amplitudes arisla small, but further irrelevant, parameter{@ « 1). Note that,, is assumed
to be a complex quantity. In the sequel, we shall not write thiesymbol explicitly, as is common practice in the analysis of
complex-valued fields.

The fluids are assumed to be Newtonian, incompressible, and so viscous that inertial effects are negligible. So, the system is
governed by the creeping flow approximation:

divu=0, (4a)

divt =0, (4b)
whereu is the velocity field and the total stress tensor. Since we are interested in the stability of the system, we write the
solution in the form

u=V-+ev, 1=II+e€m, ®)

IN=-Pd+TI, m=-pd+r,
whereV = (U, V, W) is the unperturbed velocity, with/, vV, andW the velocity components in radial, azimuthal, and axial
directions, respectivelyj[T the unperturbed total stress tensBrthe unperturbed pressu@the unit tensor and™ the unper-

turbed extra stress tensor. Variables: (u, v, w), # andt are the perturbations &f, IT and I', respectively. For Newtonian
fluids, we have T indicates the transpose)

7 = fi[gradv + (gradv) "]. (6)

Here, 7 is the viscosity, wheré = ¢ for the thread and = ¢ for the surrounding fluid. Substituting (5) and (6) into (4), we
obtain equations for the perturbed and unperturbed systems. The unperturbed state depends on the problem considered. In th
present work, the unperturbed state is the Couette-like flow problem. For the perturbed state, we find from (4), (5) and (6)
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0=divv, (7a)
gradp = fdiv(gradv)’. (7b)
Note that grad = (Vv)T. The formulation (7) is a coordinate-free notation.
2.1. Boundary conditions
As for the boundary conditions at the interface, we require continuity of velocity, the dynamical conditions for the stresses,

and a kinematic condition expressing that the thread surface is a material surface.
The detailed evaluation of the boundary conditions is as follows. The continuity of the velocity is written as

[u]=0. (8)

Here,[g] = g% — g¢ denotes the jump of an arbitrary functigracross the interface. Evaluating= u(r, ¢, z, ) at the interface
r=a + eaf, we find (suppressing the dependencepory andr for convenience)

U(a+eaf)y=N+ev)(a+eaf) =N +ev)(a) + eaf;—r[v + eV](a) + 0(62)
=V(a)+ e[v(a) + af%(a)] +0(e?). €)

Substitution of (9) into (8) yields for the unperturbgdi(e%)) and the perturbed(e1)) terms,

& [Vw] =0, (10a)
el Hv(a) + af&;—\r/(a)ﬂ =0. (10b)
Next, we formulate conditions for the stresses. The outward unit normsai, e- + ngyey + n;e; at the interface is given by
n= = [e,—egged)—ea%ez}:e,—eged,—eagezﬂ—O(ez). (11)
1+ (e(/R)f 109)% + (eadf /92)2 R a¢ 9 99 9

Here,er, €5 ande; are the unit base vectors in radial, azimuthal and axial direction, respectively. Two unit tangent vectors on
the perturbed interface, orthogonalrt@nd to each other (up to(€?)), are

tlze%er +€p +O(e2), (12a)

ty= ea%er +e +0(?). (12b)
The stress vectay at the interface is given by

g=tn= (I +€x)n. (23)
Substituting (11) into (13), we find the, ¢- andz- components of at the interface:

nrr
Or =Hrr(a)+€|:”rr(a)+afa (a)—H,¢(a)% _anrz(a)%} +O(62)7 (14a)
ar a¢ 0z
aIl, a )
9p = p(a) +€ [ﬂr¢ (@) +af 5 ? (a) - 17¢¢(a)—f —allz¢(a) —f} +0(e?), (14b)
r ¢ 9z
all, a a
Oz =11 (a) + ¢ [ﬂrz(a) +af p “(a) — Hz¢(a)l - anzz(a)l] +0(e?). (14c)
r ¢ 0z
The dynamical boundary conditions require that
[g-t]=o0, (15a)

ﬂg'nu:—a(RiﬁRiz). (15b)
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Here,o is the interfacial tension, angl; and R, are the principle radii of curvature, defined as

2 2 2
R L S
R [1+@R/32)232 822 (16)
1 R2+42(3R/3¢)° — RI’R/3%¢ 1[ ( 2f>] 2
i = + —— | [ +O(e%).
Ry [R2 + (9R/d¢)%13/? a T+ )

So, (15a) represents continuity of the tangential component of the stress geatat (15b) discontinuity of its normal com-
ponent. Note that the jump in the normal stress is balanced by the interfacial tension. The minus sign at the right-hand side of
(15b) follows the convention in Chandrasekhar [18]. Substituting (12a) and (12b) into (15a), we obtain

: [My]=0  [M]=0, (17a)
anr 3 3

el: |:|:7Tr¢ +af ¢ + |:nrr - 17¢¢,] 8{; I,y 3];:[| 0, (17b)

oL [[n,z taf Hrz Iy g{; +a[n,r —sz] ?ﬂ] 0. (17¢)

From (15b), we find

0 1] = —g, (18a)

a
. IR ) IR P |
€ [[nrr +af 2[Ty¢— s — 2all,; Bz]] [f +a 522 + 992 (18b)

Note that from now on the jumfp] is evaluated at = a, since we have developed the perturbed boundary conditions with
respect to the unperturbed state. In doing this, we only maintained first-order terms in the perturbations. Hence, we apply linear
stability theory. Using (5) and (6), we can rewrite (17) and (18) in terms of the pressure and the velocities, as will be done in
the next section.

The kinematic condition requires that at the perturbed interfa@g z, ), being a material surface, the radial velocity is
given by the material derivativdXR/ Dr) following a thread particle:

DR dR 10R IR
d d

u- - e =——— e¢—— u”-e;)—. 19
"~ Dt + )R8¢+( Z)az (19)

2.2. The unperturbed solution

We assume that there is no pressure gradient present in the unperturbed state; we only prescribe a constant ghgar stress
far away from the thread (see in Fig. 1). This implies that the presBusea constant, apart from a possible jump at the thread
surface. Thus, for this state we obtain

divV =0, (20a)
div(graav)T =0, (20b)
supplemented by the condition at infinity (the shear at infinity is in(the)-plane)
T T CNT
V— (o, 0, lfb) (0 0, o rsm¢> = (o, O,M{—ilfre'd’}) . (21)
n n

We tryV = (0, 0, W(r, ¢)) with W(r, ¢) = —iG(r) g¢ satisfying (20). For later convenience, the factaiis added. Then, we
find that the general solution of (20) is given by

W, ¢)=—i(Ar+§>ei¢. (22)

The constantst and B are to be determined from the boundary conditions, and take different values in the two phases. The
boundary conditions in @°) are

[w]=o, (23a)
Hnrzﬂ = Hrrz]] =0, (23b)
1] =[-P] = —%. (23c)
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Note that the other boundary conditions at the interface are obviously satisfied. We also have two more conditions, i.e. the
solution must remain bounded at the origin, andfes co we prescribe, according to (21}, — —illgr €% /5¢. Evaluating
the boundary conditions, we find

217, ;
—iiore"]); 0<r<a,
nc(1+w)
W= L ) (24)
17 —_ .
—i—9|:r+7ua—:|e'¢; r>a,
U I+ur
and
Po+—, 0<r<«a,
pP= a (25)
Py, r=a,

with Pg being a further irrelevant constant. For convenience, the equations will be brought into dimensionless form. The
distance, velocity, and stress components are made dimensionless with reapegtiq ando /a, respectively. For example,

we have

c *

o o o a k
r=ar*, z=az*, R=aR*, u=—u* 1=-1% p=-p* tzit*, and k= —. (26)
a o a

In the sequel we omit the stars, since confusion is not possible. For the valoc#iybstitution of (26) into (24) yields

2C
—i are"p, 0<r«1,
1+u
W= 1 1 (27)
—ICa[r + ;M—] €% r>1
+ur
Here, we have introduced the capillary number Ca as
17,
Ca= 0% (28)
o

We also calculate the derivative 8f with respect to-:

2Ca
—i1+ é? 0<r<i,
aw Iz
or 1-p 1 29
r _ .
—iCa[l— —“—] d r>1
1+ pr2
Note that (29) has a discontinuity at= 1, except foru = 1. From (27) we calculate the unperturbed stress components as
—P
1, o<r<i,
o
nrr:n¢¢:nzz: P
. rx1
g
¢ =0,
2uCa
e o< <,
o 1+pu (30)
T 1-p 17
—iCa[l— —“—] d: r>1,
1+pr2
2uCa
0 o<r<t,
- 1+pn
20 =
1-p1
Ca[1+ —“—} é% r>1
1+pr2

We note that at the interface= 1 the shear stress; is continuous (as it should be), but this does not holdfgy, except for
w=1.
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2.3. The perturbed solution

From (7) withv = ue, +vey + we;, we find that the perturbations v, w andp satisfy a set of four equations (in cylindrical
coordinates):

_1olru]  19v  dw

0 —, 3la
r or +r8¢ 0z (31a)
ap .Jl0 ou 18%u  d8%u 2 v u
— = -—|r— ——+—-——— , 31b
ar n|:r 8r|: Br:| r2 8¢2+ 8z2  r29¢ 2 (310)
lop . [10[ odv 1% 9% 2 du v
——=n|-—|r— S—+—+=—-—=, 3lc
rog n|:r 8r|:r3r:|+r23¢2+822+r2 ¢ rz] (519
ap 19 ow] 102w 92w
— =7 -=—|r— - —+—= | 31d
oz "[rar[rar]+r23¢2+az2] o1
We propose as general expressions for the solution, the expansions
00 .
p=Y pulrndmotka, (32a)
m=—0oQ
Sl .
u= > upn(r,ndmotka), (32b)
m=—0o0
0 .
v= Y () MmOtk (32¢)
m=—0oQ
o .
w= Y —iwp(r,)emPTh), (32d)
m=—0oQ

Here, we have added an extra factarto v, andw,, for later convenience. In these formulae we should read the right-hand
sides as preceded by the ‘real part of’. Substitution of (32) into (31) yields the equations for the coefficients:

0= } orum] m

F ar +7vm + kwp, (33a)
—ﬂpm=ﬁ[%%[ra;—:n]—wvm—%um], (33c)
—kpm = n[%%[ra;”r’”] - Mwm]. (33d)

To solve (33), we use the same analysis as in Gunawan et al. [19]. The solution for the dispersed phases reads

Pk ) = 20 A I (kr ), (34a)
2

ud(r,1) = Agrlo(kr) — [30 + EAO] I(kr), (34b)
d 1 Cm

um(ra [)=Amrlm(kr)_ Bm+%(m+2)Am 1)n+1(kr)+71m(kr), (34C)

vl (r,1) = Coly (kr), (34d)
4 1 k 1

Uy (r,t) = —| B + E(m +2)Am + %Cm Ly 1(kr) — ;lem(kr), (34e)

wd (1) = —Amr Ly 1(kr) + By I (kr), (34f)

and for the continuous phase
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Pgl (r,t) = 2Dy Ky (kr), (35a)

uq(r, t) = Dor Ko(kr) + [Eo + %Do] K1(kr), (35b)
c 1 Fy

Uy, (r, 1) = Dyyr Ky (kr) + | Emy + E(m +2) Dy |Kpyya(kr) + TKm (kr), (35¢)

vg(r, 1) = FoKq(kr), (35d)
. 1 k 1

Uy (1) = Em+z(m+2)Dm+;Fm Km+1(kr)—;Fme(kr), (35€e)

Wy (r, 1) = Dy r Ky 1(kr) + Ep Ko (k7). (35f)

However, in a comparison of Gunawan et al. [19] with the present solution, one essential difference appears; as the present
problem is not rotationally symmetric, the assumptigr= 0 does not hold anymore.

Next, we evaluate the boundary conditions at the interface for the perturbed fields. By use of (5), (10b), (17b), (17c) and
(18b), we obtain for the Ql)-contributions,

[«] =0, (36a)

[v]=0 (36b)

[wl=—|f %H , (36¢)

ol = (55 + 5 - 0)| = [ e ) (36d)

- i) [ ][]
r 2 2

lor] = _p+2ﬁ%]] = [f+27f+%] (36f)

Note that the jump in (36¢c) and the second term in the right-hand side of (36e) were incorrectly not included by
Frischknecht [12]. This correction gives noticeable results for the range of ratios of viscosities above which the thread is
stable, as we will discuss in the next section. In terms of the components of the expansions (32), (36) becomes

lum] =0, (37a)
[om] =0, (37b)
[wm] = Ca (8m 1= &m+1)s (37¢)
M. va

n(mum mirvy + vmﬂ] = kCa (8,,, 1+ &m+1), (37d)
[ ow —

n(kum _ ar’")ﬂ :mCaﬂ_Fl(Sm_l-i-sm_,_l), (37¢)
[ ttm 22

fpm+2 o =1-k“—mepy. (371)

Next, we consider the evolution in time of the perturbation amplitygle). At the perturbed interfac®(¢, z, t), the radial
velocity is the material derivativel;(R/Dt) foIIowing a thread particle (see (19)). Since at the interfed€e= (0,0, W9), we
obtain from (19) (withu = Woe; + € (uée, + vley +wle,))

eud—aa—f—i—ev 2¢+(Wd+€wd)%- (38)
Using (3) for R and (32b) for:“ in (38), we obtain for the term linear in
(0.¢] . o dE i oo .

Z ui dmp+kz) _ Z d_;n dme+ka) | jrwd Z m dmo+kz) (39)

m=—0oQ0 m=—0oQ m=—0oQ
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Now, W4 is given by the first equation of (27), however, with the restriction that we have to take the real part of this. This
yields, forr =1,
Ca

d ;
W =—i
w+1

(€% —e79). (40)
Substituting this into (39), rearranging terms, and equating equal poweiﬁé, efearrive at

d kCa
gm0 = ud — u—+1(8’”‘1 —epy1),  form e (—oo, 00). (41)

In practice, the series (3) is cut offat= +M, say. So, we hav€M + 1) terms fromm = —M to m = M. Note that in order
to satisfy the boundary conditions (37c)—(37e), the solution must be cut off one order highemie JatM + 1).

3. Stability analysis

Egs. (41) contain the information about the time evolution of the initial perturbation. In this section, we shall work this out
for several cases. First, we take the cut off valliequal toM = 0. This corresponds to the case that the cross-sections of the
thread remain perfectly circular for al This inevitably implies that this case can not incorporate the effect of the shear flow.
We only report this case in order to compare the present approach with results in the literature. The emphasis\is-ed the
case, for which the shear flow is really relevant.

3.1. TheM =0case
In this casegg # 0 andg;, =0 form = £1, £2, .... From (41), the amplitudeg(r) evolves according to
d
—eo(r) = ul. (42)

dr
Evaluating (37), we can formally write the result as

M_q 0 0 Z_q e_1
Mz= 0 Mg O o |=1 & |- (43)
0 0 M1 Z1 e1

Here,zy, = (Am, Bm, Cm> D, Em, Fm)",m=-1,0,1, and

uw—1 n—1 n—1 )T
e_1=(0,0,—Ca £0, k Ca gp, —Ca £0,0]) , 44a
1 < 10 10 10 (443)
eo=(0.0,0.0.0. (1~ k?)e) . (44b)
uw—1 uw—1 nw—1 )T
=10,0,Ca g0, k Ca——¢g, Ca——¢0,0) . 44c
e ( 10 100 C8 o (44c)

For simplicity, we shall writeM as a diagonal block matri¥l = diag(M _1, Mg, M1). Thus, we may solve the equation via
MumZm =€n, m=-1,01 (45)

Expressions foM ,, are given in Appendix A. Sinceg only depends o and Bg (see (34b)) we may solve these coefficients
from (43) by only considering

Mozo = €p. (46)
Solving (46), we find thaﬁg is proportional tceg. Substituting this value into (42), we obtain

d
ESO(I) = qo(k, w)eg(?), (47)
where
k2 —1 2
aotk. ) = )[(Io(k) - Ell(k))}'\"g’ﬂ + 11(k>|M8’2|]. (48)
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0.4

Fig. 2. Curves ofjg as function ofk for different . values;u = 10 (dashed curve), = 1 (solid curve),u = 0.1 (dash—dot curve)y = 0.01
(dotted curve), ang. = 0.001 (long dashed curve).

Here,| - | denotes the determinant aM{)’] is the 5x 5 sub-matrix ofM g, which is obtained by omitting theth row and the

Jj-th column ofMg. The factorgg is shown in Fig. 2 as a function @f. Note that fork > 1, alwaysgg < 0. Here,go(1, k)
corresponds to the growth rate of the amplitude of the axisymmetric mode. From this figure, we gge-tifator all « and

this indicates instability. Ifu increases, the values gf decrease. Thus, the more viscous the thread, the longer it takes to
disintegrate. If the thread is very viscous, it will remain undeformed for a long time before finally breaking up into droplets of
very small size. Similar results were reported earlier by Tomotika [5], Mikami et al. [9] and Frischknecht [12]. Remark that the
values ofgq differ from the results of Frischknecht [12] by a factor ¢gf32due to a different scaling of the interfacial tensian

3.2. TheM =1 case

Here, we take,, #0, form = —1,0, 1. Eqgs. (41) give

d d kCa

—_ — 4
g 10 =uZ1+ M+180(t)’ (49a)
d 4 kCa

ESO(I) =u0T T 1(8—1(0 —e1(0)), (49Db)
d 4 kCa

g fL0 =11 - e 760(0)- (49c)

Evaluation of the boundary conditions leads to (45) with= —2, ..., 2. Expressions fou‘fl, u‘é and u‘{ are given in (34b)
and (34c), while the coefficients in these expressions follow from

Mmzn =€,, m=-101, (50)
with Zym = (Al’rh Bnh Cm, Dm’ Enh Fm)T and
T
w—1 uw—1 uw—1 2 >
e 1=(0,0 —Ca &0, kCa go, —Ca &0, —k“e_ , 5la
1 < 10 10 310 1 (51a)
T
%=%QQCdu—1X&4—8ﬂﬂu+4mk0du—1M&4+8DKM+1L041—k%m), (51b)
T
n—1 n—1 n—=1 2 )
e1=(0,0,Ca £0, kCa &0, Ca g0, —k“e . 51c
1 ( 10 100 C& o 1 (51c)

In (50) we wrote down the equation only far= —1, 0 and 1, since the evolution equation (49) only containg, g andey.
The analogon of (47) reads here

dy qu1 q12 O
a;=Q%4uC@% Q=|g921 922 q23 |, (52)
0 g32 933

wherey = (e_1(1), eo(2), el(t))T, while theg;;'s are given in Appendix A. Note that thg;'s are real. They generally depend
onk, u and Ca, but the diagonal elements@fare independent of Ca. The presence of the shear flow leads to a coupling
of modes via the non-diagonal elements. The behaviour of the solution of (52) depends on the sign of the real parts of the
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eigenvalues of the matriQ. If all eigenvalues have negative real parts, the unperturbed solution is stable. If at least one of the
eigenvalues has a positive real part, the unperturbed solution is unstaljebéein eigenvalue @, satisfying the equation

q3+alq2+a2q +a3=0, (53)

where the coefficients; are real and depend @nu and Ca. Expressions far; in terms ofg;; are written out in Appendix A.

To find the necessary and sufficient conditions for the coefficienter which all roots of (53) to have negative real parts, we
will use Hurwitz’s criterion This criterion says that all roots of the third-order algebraic equation (53) have negative real parts,
if and only if (see Merkin [20])

a1 >0, a>>0, a3z3>0, ag=ajap—a3z3>0. (54)

If one of the inequalities in (54) is reversed, then at least one of the roots of Eq. (53) will have a positive real part, and this is an
indication of instability of the system. For fixed valuesand Ca, we should realize that the inequalities (54) must holdlfor
wave numbers.

As a check, we first calculate the growth rate of the perturbations in the absence of shear flow. Next, we investigate the effect
of shear flow on the stability of the thread.

3.2.1. No shear flowCa= 0)

For this caseQ is diagonal and the eigenvalues @fare thus given byjg(i, k) = g2 andg1(u, k) = g11 = ¢33- Here,
qo(u, k) corresponds to the growth rate of the amplitude of the axisymmetric mode (see Fig. 2),(and) corresponds to
the growth rate of the amplitude of the first non-axisymmetric mode. The curvgg @f k) as a function ok are shown in
Fig. 3, for the sam@-values as in Fig. 2. Fig. 3 shows thatis negative for alk. Thus, this mode always decays. If we extend
the mode ton = 2 (Q in (52) now becomes a 4 by 4 diagonal matrix), we can also calculate the growtjp rat¢he second
non-axisymmetric mode. The results are shown in Fig. 4. Again, we see thatthi2 mode is negative. So, we conclude that
in the no-shear flow case the thread is unstable since the axisymmetri@ mode is unstable.

We now proceed by considering the peculiar clase0, in which the perturbed thread remains unifornyidirection and
in which there is no displacement in this direction. Due to incompressibility (here requiring conservation of area for the cross-
section), the cross-section can only deform in a non-axisymmetric modemwitt?2 (the moden = 1 only gives a rigid-body
translation). For this special case, we see from Figs. 2 and 3 that indeed the growth rates vanistOfandm = 1. However,
this is not the case for = 2, as we can see from Fig. 4. Far> 2, we can calculate the growth rate analytically, providing a
check on the numerical results. Far> 2, we obtain the following solutions for< 1,

_ m
ui(r, 0=Apnr" l_’_merm+17 (55a)
d _1 m—+2 1
T (550)
wd (r,1) =0, (55¢)
P (r 1) = 2uBur™, (55d)
and forr > 1,
o 0.2 0.4 0.6 0.8 1
-0.2
0 q2
q1 0.4
-0.6
-0.1
-0.8
-1 m-w-w'u-um-m'-;
-0.2

k

Fig. 3. Same information as in Fig. 2, but now fgr. Fig. 4. Same information as in Fig. 2, but now igr.
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ul, (r,t) = Cpr—M+D 4 thr_(m_l), (56a)
Ve, (r, 1) = Cpr =MD 4 zz”m—:zl)Dmr*(m*”, (56b)
we, (r, 1) =0, (56c)
P (r 1) =2Dyr "™, (56d)

Evaluating the boundary conditions, we obtain the linear system

M. k=0Zm = €m, (57)
with z,;, = (A, B, Cit, Dm)T ande;, = (0,0,0, (1 — mz)sm)T. The expression fa¥l ;. —o is given in Appendix A. Using
(55a) and (57), we again obtain (47), but now with

gm(u; k=0)= m=2. (58)

m
21+ p)’
Since the growth rate is negative, the thread will not break up with a non-circular cross section that is uniforgadateation.

3.2.2. Shear flow effect€a+ 0)

We shall use (54) to determine a critical valuecCaf Ca, above which the thread is stable. Siagein (53) is only
determined by the diagonal elements of the ma@jxwhich do not depend on Ca (see Appendix A), alsaoes not depend
on Ca:ay = ay(k, u). The curveay (k, u) = 0 is shown in Fig. 5. Below this curvey (k, 1) < 0, and above it:q(k, 1) > 0.
Here and in the sequel, it should be understood that the curve is the border between the regions of positive and the negative
values for the coefficients (hetq). Fig. 5 shows that the curve has a maximum valug at 0.05. If u < ug, then there
exist values fork for which a1 (k, ) < 0. This indicates that the perturbed thread is unstable.3f ., then the perturbed
thread may be stabilized by the imposed shear flow. However, then we should also check the other coefficigrasday;
the results are shown in Fig. 6. These figures show the cupgsu, Ca) = 0, fori = 2, 3, 4, for fixed value ofu, yielding
Ca as a function of for two different values ofx (1 = 0.1 andu = 0.15). Part (a) shows that the curves= 0 andaz =0
cross each other at= kg, say. Thusas(ks, 0.1, Ca) = 0= az(ks, 0.1, Ca). Substituting these values into (54), we see that also
as(ks, 0.1, Ca) = 0, and this curve is drawn as a vertical line in Fig. 6. In this case, no critical value for Ca above which the
thread is stable exists, since there are for every value of Ca always valuégrafhich one or more of the coefficiends, ag
or ay become negative. If. increasesk; decreases; see Fig. 6(b). Thus, the window B < k; in which a4 < 0 becomes
narrower. However, increasingtoo far we again obtain instability as shown in Fig. 7. From this figure, we see that at the left a
small window ofk is always present for which the coefficiemtsandas have negative values. From more detailed calculations
we find that no instability will occur if A8 < u < 2.9. This range is much larger than the one found by Frischknecht [12]
(0.8 < 1 < 1.0), due to the correction in the derivation of the boundary conditions we found. As mentioned in Section 2.3, we
had a jump in the axial velocity due to the presence of the shear (see (37c)). This term will only vanigh=ot, whereas in
Frischknecht [12] this term vanishes for all Hence, for 018 < © < 2.9 we can determine a critical Capillary numbergas
we shall show next. Note that for this range the valuegiadre always positive for ali’s. As an illustration, we investigate the

0.06
0.05
7
a1 >0
0.025
0.2 0.4 0.6 0.8 1

Fig. 5. Curve defined by the relation (k, 1) = 0 in the &, u)-plane.
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k =k k =k,
0.3 . 0.3
0.25 P ax>0 0.25
: az >0
0.2 : 0.2
Ca ; @1> 01 q
: ~
: N
: N
H ~
: N
H \
H \
. “ K
..’. a4 >0 72 \\
s ¢ 1 -
0 0.2 0.4 0.6 0.8 1 0
k k
(@) (b)

Fig. 6. Curves defined by the relations(k, 1, Ca) = 0 (solid line),az(k, u, Ca) = 0 (dashed line), and4(k, 1, Ca) = 0 (dotted line) in the

(k, Ca) plane for two values gfi. Note that there are two regions wherg > 0 (lower left and upper right); in the remaining part of the
(k,Ca)-planeag < 0. (&) = 0.1; (b) » = 0.15.

1 \
‘ -
\ ag > 0 0.16 22777
\ ’ S
Ca \\ ,I N, as > 0
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\ / (N
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N / \
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0.5 ~ / \
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~ ] \
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0.2 Sso as >0 \

~
~ \
e \
N
\ 1
H ]
0 0.2 0.4 0.6 0.8 1
0 0.2 0.4 0.6 0.8 1
k k

Fig. 7. Same information as in Fig. 6, but now forFig. 8. Same information as in Fig. 6, but now for

u = 3.0. Note that for thisu the values ofa4 are al- = 1. Note that for thig: the values ofi4 are always
ways positive. positive.

system for which the fluids have no viscosity differenceuse 1. Fig. 8 shows the curves = 0 andaz = 0 in the (k, Ca)-
plane foru = 1. The solid and the dashed curves depict the values ef 0 andaz = 0, respectively. We find a critical value
of Ca, Cgr~ 0.16, above which the thread will be stable for all wave numliersSig. 9 shows the critical capillary number
Cacr as a function of the ratio of viscositigs We see that Ga has a minimum neage = 0.5. So, if the viscosity of the thread
is about half the viscosity of the surrounding medium, high stresses are needed to stabilize the thread.

In general, we must include the higher-order modes into the calculations in order to ensure convergence of the truncated
system. The more higher modes, the bigger the size of the n@tix(52) will be. Then, calculations become cumbersome.
However, we may estimate the number of modes that gives reliable results as follows. In the absence of shear flow, the matrix
Q is diagonal. The only mode that gives instability is the axisymmetric mode; see Section 3.1. From (41), we see that, since
the boundary conditions (37) are proportional to Ca the off-diagonal eleme@su# all proportional to Ca. The presence of
shear flow leads to a coupling of modes via this off-diagonal. Thus, we only need to include modes whose damping rates are
less than or of the order of the applied shear rate. Formula (58) specifies the behaviour of the damping rates widuighb.
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0.18 0.5 1 2 2.9

"

Fig. 9. Critical capillary number Gaas a function of the ratio of viscositigs

3.3. Critical capillary number fow = 1

If the fluids have equal viscosities, i.e.= 1, the only non-vanishing interfacial condition is the condition for the normal
stress (37f). The jump in the normal stress across the interface can now be incorporated by introducing it as a discrete hoop
force S,

o0
S= Y A—k2—mP)en(t)dmIth), (59)

m=—0oQ
acting only on the interfacial surface= 1. This way, the governing equations can be declared to hold in the whole space (for
everyr € [0, 00)), whereS is introduced as a body force characterized by a Dirac delta funétiern; 1). The perturbed state
is then governed by, for > 0,
0=divv, (60a)
gradp = fidiv(gradv)T + S5(r — D)e,. (60b)

The detailed derivation of the solution of (60) can be found in Gunawan et al. [21]; here we only present the result. The solution
for the radial velocity reads

1- K2 — mz)sm T 53+ 22
= (Im+1() Img1(57) + Jyy—1(8) Jyp—1(sr)) ds

Uy =
" 4 (s2 4 k2)2
0

® 3
+/(szj_7k2)2(1m1(s)Jm+1(sr)+Jm+1(s)Jm1(Sr))dsi|. (61)
0

Forr > 1 the integrals can be analytically evaluated (see [22, formula 13.53(6)]) and we obtain

(1— k2 —m?) [1 d
_ .

= 4 2% dk [ (It 1) K1 (k) + T —1.(6) Ky —1.(kr)) ]

d
— kg [t 100 K g 1(er) + Ly 1 () Ko -1 (k)]

1d
~ 5 e K =1 Ko 1 (hr) + 1m+1<k>1<m_1(kr>)]]. (62)
Let us consider the evolution equation (52). ko 1, the matrixQ becomes
kCa
w0
kCa kCa
e=|-=2 @« =2 (63)
2 kCa 2
0 —-—— a1

2
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Fig. 11. Curve ofCa as a function of, for u = 1. The maximum value ofa indicates the critical capillary numberGa

wheregy, = upy (r = 1) /ey, With u,, given by (62). In (63), we have used that; = g1. Fig. 10 shows the curves g andgy
as functions ok, for 0< k < 1. Note that the values @f) are positive, whereas the valuesggfare negative.
Let us denote the modulus gf, by ||, m =0, 1. The eigenvalues of (63) satisfy Eq. (53), with the coefficients given by

a1 = 2lq1] — lqol, (64a)
k2C&
az=|q1|2—|qoq1|+< 5 —|qoq1|), (64b)
k2Cé
aszlfnl( 5 —Iqoq1|)~ (64c)

From Fig. 10, we see thag1| > |go|. So, the coefficients,, (m = 1, 2, 3) will be positive if and only if the term inside the
brackets is positive, that is if
k’ca
2
Using thatag = ajas — a3, we find from (64) that

—lq0q11 > 0. (65)

2
2

ag = (2lq1l — I1901) (19112 — I9041]) + (Iq1] — Iqo|)<k - Iqoq1l> >0, (66)
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provided that (65) holds. Thus, we may define the critical capillary numbgrasa

V2
Car= max {M } (67)
O<k<1 k

Let us defineCak) = +/2]qoq1]/ k. Fig. 11 shows the curve d@a as a function ok. The maximum value o€a gives the
critical capillary number Cg. For this special case, we find &a- 0.164.

4. Conclusions

In this paper, we have studied the stability of a Newtonian thread immersed in a Newtonian fluid in a shear field. The
system is governed by the Stokes equations and the relevant dimensionless numbers are the ratio of the wiszfodiges
thread and the surrounding fluid, the wave numbef the perturbation, and the capillary number Ca. We have solved these
equations by means of complex Fourier expansions and shown that the growth rate follows from an eigenvalue problem. The
stability was investigated by use Biurwitz’s criterion. The axisymmetric modes are the most unstable modes since its growth
rate has a positive value, while the non-axisymmetric ones have negative growth rate (see Figs. 2, 3 and 4). We found that
the shear flow stabilizes the thread only in the windo®83< 1 < 2.9. In this window, the shear distorts the most unstable
mode (the axisymmetric mode) by convecting one side of the thread interface with respect to the other, destroying the pinching
effects of the axisymmetric mode that drives the instability. The results presented here explain the stability of the “narrower
string” observed by Migler [14]. However, we remark that in our model we used a long infinitely string instead of a finite long
cylindrical drop. If instead of an infinite string we had a finite long cylindrical drop that was stretched by the flow, initially small
disturbances on the drop would be suppressed by the flow, but as the drop thinned out to a critical radius the disturbances would
grow in amplitude (due to end effects), leading to its ultimate break-up. So, our model is applicable as long as the length of the
string is much longer than/4 whereq is the growth rate of the disturbances.

From the view of polymer blending the present results may provide important insights for control of the production process,
such as droplet-string transition in immiscible sheared polymer blends. By use of a critical capillary number found here, one
may define a critical radius for the string formation.
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Appendix A

Here, the prime denotes the derivation with respeét to

Io(k) — 211.(k) —11(k) 0 —[Kok) + £K1(K)]  —K1(k) 0
0 0 I1(k) 0 0 —K1(k)
Mo — —11(k) Io(k) 0 —K1(k) —Ko(k) 0
0 0 (I (k) — kI; (k) 0 0 —K1(k) + kK] (k)
k1] (k) —pkIy(k) 0 kK (k) —kK1(k) 0
2ulkly(k) — 215 (k)] —2ukI] (k) 0 —2[2K{(k) — kK1(k)] —2kK] (k) 0
I (k) — 552 1y 1 (K) — Ly y1(k)
o IRY(9) — Iy y1(k)
M. — - m+1(k) Im(k)
ulmln (k) = PHEBOI2 () + i+ DI (0] kT () =+ Dy ()]
(kI (k) = (m D Ly 1 (k) + K1) 4 (6] — k[ L1 (k) + 1, (K)]

2ulkly, (k) — (m + )1, 1 ()] ~2uk;, 1 ()
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I (k) ~[Km (k) + "2 K 1 1(K)]
— L1 () = I (k) —MEZ K ()
0 —Kpmy1(k)
W[n = D1 = £ Ly 1 (0 +k 0 + 20 (0] ~[mKp o+ 2EDOED g Gy — o+ 2K, (0]
wk Iy (k) —[kKm (k) + (m + DK 1) — kK, (5)]
2,u[k],;1 (k) — I, (k)] —2[kK,’,l (k) 4+ (m + 2)K;n+1(k)]
—Knt1(k) —Kp (k)
—Kpny1k) —[£ Kpgr (k) — K ()]
— K (k) 0
kK., 10+ (m+ DKy ®)]  —[0n = DK () + £ K1 () + kK (0 — 2 K! 0] |
—k[K 4 1(k) — K}, (5] —k K (k)
—2kK], 4 (k) —2[kK}, (k) — Km (k)]

__¥ I — 1000 ) MO + 1ok [MB2] + 110k |M 53
911 = | |20 = L o) JM21] + To0[M 23] + I k) [M21] |
2= | (0 = 11000 ) (M3 53 |+ ot (M3 + M) + o (M35 -+ M)

|M,l| w+ 1 k -1 -1 -1 -1 -1 -1
kCa n—1 1 41 42 43 kCa
TV m[(11(k) - Elo(k)>\M_l] + Io(h|M™ | +11(k)||v|_1\] + s

_ Capu-1 2 3,1 32
921= g 1[(10(k> k11<k))|Mo |+ Mg |]

kCau—1 2 41 4.2 kCa

—— =% Itk - =1 M2 + L) IMEe] | -
i o] (100 - 2w ) Mg + nwomg? | - 225,

K2—1 2
922= Ty [(Io(k) - Ell(k)) IMSE| + 11(k>|M8’2|],

__Cap-1 _2 31 32
423 = |MO|M+1[<10</<> kll(k)>|M0 |+ (k) Mg |}
kCapu—1 2 41 4.2 kCa
22 B (ot = S ) IMEY + oM
] (100 - 2w ) Mg + g2+ L35,
_ Cap-1 .3 31 5.1 32 (52 33| (7,53
q32_||v|1|u+1[(11(k) kIZ(k)>(|M1 |+ M) 2 (MY + [MP7) + 11 Go (M1 = M7 !)]
kCapu—1 1 41 42 43| _ kCa
—m—ﬁl[(ll(k)—%lo(k))!lvll |+ lo(®)|MT 7| + I1(k) [MT |] e
_ K 3 6.1 6.2 6.3
933 = | (1) = 2 12(0) IMPH + M4+ (0 |MS>] |,
ag=1,

a1 =—(q11+ 922+ q33),
a2 = q11922 + 411933 + 922933 — (912921 + 923932),

a3 = 411923932 + 433912921 — 911922933



396 A.Y. Gunawan et al. / European Journal of Mechanics B/Fluids 24 (2005) 379-396

For the special case= 0, form > 2:
m m

" 1 "
2(m + 25) 2(m—1)
-1 __mte -1 __m-2
Mn; k=0 = 2m+ 1) 20m —1)
2u(m — 1) mu —2(m+1) —m
2uim—1)  u@m—2) 2m+1) m+2
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